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1.1

What is a function?

A function is a rule which operates on an input and produces a single output from
that input. The input to a function is sometimes called its argument. It is frequently
necessary to obtain the output from a function if we are given its argument.

Example 1.1 Function Evaluation

2x* -3
a 5 find the value of g(3).

(x+1)

Solution: To find g(3), we substitute x = 3 into the expression for the function:

Problem: Given the function g(x) =

2(3)2-3
g@):(gin2
2(9) -3

42

18—3

16
15

~ 16

Final Answer:

15
3) =
g(3) T

Q1. Given the function y(x) = 3x+2, find:

(@ y(3) [ans: 11]
(b) y(21) [ans: 6t+2]
(©) y(z+2) [ans: 3z+8]
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Q2. Calculate f(x+ h) and find the corresponding expression for f(x+ /&) — f(x) for the following
functions:

@ f(x)=x [ans: x* + 2xh+h?,  2xh+ R
(b) f(x)=x lans: x® +3x%h+3xh> +h*,  3x*h+3xh? + k|
3x+1 3z 1(92+1
3. If f(x) = —.find f [ = ). :
Q. 1176 = g o () s G

Q4. The function f is given by

X
X —, eR, =3.

fix x+3 * *x7
The function g is defined as

2
g:x——, xeR, x#0.
x
. . 1 —3x
(a) Find an expression for =" (x). ans: —, X #1
X—
2
(b) Find an expression for g~ ! (x). [ans: -, x# O]
x

QS. The function f is given by

f(x)=In(4x—-2), xeR, x> l

2
(a) Find an expression for f~!(x), in its simplest form. ans: ex: 2]
(b) State the range of f~!(x). [ans: <;,oo>:
(c) Solve the equation: f(x) = 1. [ans: e:2=

Q6. Evaluate f(3x) for the following function where x < 0:

¥ 4+x2-2, ifx<0
fx) = .
2x, ifx>0

[ans: 27x° +-9x* =2 for x < 0]

Q7. The function f is given by:
f(x)=3—Inx, x€R,x>0.

1
Given this, solve the equation f(x) =4. [ans: ]
e

Domain and range of a function

The set of values which we allow the independent variable to take is called the
domain of the function. A domain is offen an interval on the x axis. The set of
values of the function for a given domain, that is, the set of y values, is called the
range of the function. Usually the range of a function can be identified quite easily
by inspecting its graph.
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Example 1.2 Domain and Range of a Radical Function

Problem: For the function /(x), determine its domain and range.

Solution:

Step 1: Find the domain.

The expression inside the square root must be strictly positive.
4—x*>0
= —2<x<2

‘Domain 1 (—2,2) ‘

Step 2: Find the range.

On the domain (—2,2), the value of the denominator is:

0<V4—x2<2
Taking the reciprocal of the inequality for A(x) gives:
1 1
2 —
V4—x2 2

The minimum value (1/2) occurs at x = 0.

As x — 12, the denominator approaches 0", which means h(x) — oo.

1
R =,
ange [2, >

Q1. Find and sketch the domain and range of the following functions:

(a) y=x*-3 ans: Domain = (—oo,0), Range = [—3, )
() y=+vx+3 ans: Domain = [—3,), Range = [0, )
(c) y= e ans: Domain = (—eo, ), Range = [1,00)
(d) y=asin(bx) ans: Domain = (—oo,0), Range = [—|al,|al]

Q2. Consider the function given by g(t) = 2t + 1 for —2 <t < 2.

(a) State the domain of the function. ans: Domain = [—2,2]
(b) Plot a graph of the function.
(c) Deduce the range of the function from the graph. ans: Range = [1,9]

Q3. Plot a graph of the following functions. In each case state the domain and the range of the
function.

(@) f(x)=3x+2for—2<x<S5. ans: Domain = [-2,5], Range = [—4,17]
(b) g(x) =x*>+4for -2 <x < 3. ans: Domain = [—2,3], Range = [4,13]
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(¢) p(t) =2t>+8for -2 <t <4 ans: Domain = [—2,4], Range = [8,40)]
(d) f(t)=6—1>for1 <t <5. ans: Domain = [1,5], Range = [—19, 5]

Odd, even and periodic functions

An odd function is such that f(—x) = — f(x) for all values of x. Any function which
possesses such symmetry - that is the graph of the right can be obtained by
rotating the curve on the left through 180° about the origin - is said to be an odd
function.

An even function is such that f(—x) = f(x) for all values of x. Any function which is
symmetrical about the y axis, i.e. where the graph of the right-hand part is the
mirror image of that on the left, is said o be an even function.

A function f(x) is periodic if we can find a number 7 such that f(x+T7) = f(x) for all
values of x. Any function that has a definite pattern repeated at regular intervals is
said to be periodic. The interval over which the repetition takes place is called the
period of the function, and is usually given the symbol T. The period of a periodic
function is usually obvious from its graph.

Example 1.3 Testing for an Even Function

Problem: Given the function g(x), show that it is an even function.

g(x) =x*—6x* 49

Solution:

Step 1: Replace every x with —x.
g(=x) = (—x)* = 6(—x)* +9

Step 2: Simplify the powers.
g(—x)=x*—6x*+9

Step 3: Compare the result with the original function, g(x).
8(=x) =)

‘ Since g(—x) = g(x), the function g(x) is even. ‘

Example 1.4 Testing for an Odd Function
Problem: Given the function f(x), show that it is an odd function.

flx)=x>—2x
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Solution:
Step 1: Replace every x with —x.

f(=x) = (=0)* = 2(~)

Step 2: Simplify the powers and signs.
f(—x)=—x>+2x

Step 3: Factor out —1 to compare with the original function.

f(=x) = —(’ —2x)

Step 4: Recognise that the expression in the parentheses is f(x).

f(=x) ==/ (x)

‘Since f(—x) = —f(x), the function f(x) is odd. ‘

Example 1.5 Finding the Period of a Trigonometric Function

Problem: For the function 4(x), determine its period, T'.

. T
h(x) = sin (3x — Z)
Solution:

Step 1: Use the formula for the period of sin(kx +c).
2r
The period is given by the formula 7 = —-.
k]
. . 27
For this function, k = 3, so we have: T = 3

Verification (from the definition i (x+ T') = h(x)):
Step 2: Set up the equation h(x+T) = h(x).
T T
n(i+7)-5) =sinr- )
sin (3 (x+T) 2 sin ( 3x 1
T T
(o= +37) =in (-
sin (Bx 2 +3 sin { 3x 2
Step 3: Solve for the smallest positive value of 7.
For the sine values to be equal, the term 37 must be a multiple of 2.
3T =2zmn (for any integer n)

The smallest positive period occurs when n = 1:

2
3T:2n::>T:4§

2
The period of A(x) is T = ?7:
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Q1. Prove that f(x) = x>+ 4x is an odd function.
Q2. Prove that f(x) = x*+5 is an even function.

Q3. Classify the following functions as odd, even or neither. If necessary sketch a graph to help
you decide.

@) f(x)=x? [ans: Even]
(b) f(x)=8x+7 [ans: Neither]
(©) f(x)=2x [ans: Odd]
@) f(x)=¢" [ans: Neither]
Q4. Determine whether the function is odd, even or periodic for:
(@ f(x)=x" [ans: Even if n is even, odd if n is odd]
®) f(x) = Co;(x) [ans: Even]
© fx)= COSE(X) [ans: Odd]
d fx)= tar;(x) [ans: Even]
(e) f(x)=x>"1 [ans: Odd]

Q5. The function f(x) satisfies

3x+4
o) ="

(a) Show that

xeR, x>3.

B
x—2
where constants A and B are positive integers to be found. [ans: A =3,B =10]

(b) Show that f(x) is a decreasing function.
(c) Determine if the function f(x) is odd, even, periodic or neither and explain your answer.

flx)=A+

Inverse and composite functions

A composite function is a function that is formed by combining two functions, f(x)
and g(x), such that the output of g(x) becomes the input for f(x). The composite
function is denoted as: f(g(x)) where g(x) is applied first, followed by f(x). Note
that the function f(g(x)) is different from g(f(x)).

An inverse function reverses the effect of a given function. If f(x) is a function, its
inverse f~!(x) satisfies the condition: f(f~!(x)) = x,for all x in the domain of f~! and
f. respectively. The graph of f(x) and f~!(x) is symmetric about the line y = x. Not
all functions possess an inverse function. In fact, only one-to-one functions do so.
If a function is many-to-one the process to reverse it would require many outputs
from one input contradicting the definition of a function.

Example 1.6 Finding the Inverse of a Linear Function
Problem: Given the function f(x), find its inverse, f~!(x).

fx)=3x—-4
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Solution:

Step 1: Replace f(x) with y.
y=3x—4

Step 2: Interchange the roles of x and y.
x=3y—4

Step 3: Solve the new equation for y.

Jy=x+4
_xt+4
T3

Step 4: Replace y with f~!(x) to state the final answer.

_xt+4
=

The inverse function is f~!(x)

Example 1.7 Finding a Composite Function
Problem: Given the functions f(x) and 2(x) find the composite function f(%(x)).

f(x)=2x+3 and h(x)=x"

Solution:

Step 1: Substitute the inner function, /(x), into the outer function, f(x).

The notation f(h(x)) means we use the output of 4(x) as the input for f(x).

f(h(x)) = f(x?)

Step 2: Apply the rule for f(x) to the new input, x*.
The function f is defined as f(input) = 2(input) + 3.
fe?) =2(x*)+3

The composite function is f(h(x)) = 2x* +3.

Q1. Find f(g(x)) when f(x) = x—7 and g(x) = x. [ans: x> — 7]

Q2. If f(x) = x+6 and g(x) = x> — 5, find:

(@) f(g(0)) [ans: 1]
() g(£(0)) [ans: 31]
(©) g(g(2)) [ans: -4]
@ f(g(7)) [ans: 50]
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x—3 3 3(x+1)]
3. If = d = ——, find . :
Q3. 1179 = and ) = 5+ fnd g(4() ans: 1)
Q4. Find the inverse function of: i
-7
(@) flx)=23+7 [ans: i) =74 : 3
_1 x—2]
() f(x)=dx+2 ans: f(x) = —,
Q5. Given the functions:
f(x)=e¥—4, xeR.
(x) = — ER, x#£11
g)=_——7p *ERx .
(a) Determine the range of f(x). [ans: f(x) > —4]
| 4
(b) Find an expression for the inverse function f~!(x). ans: f'(x) = n(x2+)]
(c) Find an expression for the inverse function g~ (x). [ans: g ' (x)=~-+ 11]
x
Q6. The functions f and g are given by
f(x)=vx, xeR, x>0,
glx)=x-2, xeR.
(a) Find an expression for the function composition fg(x). [ans: v/x —2]
The function £, is defined by
h(x)=vx—2, xeR, 3<x<11.
(b) State the range of h(x). [ans: 1 < h(x) < 3]
(c) Determine an expression for the inverse function 27! (x). [ans: A~ (x) = x* +2]
(d) State the domain and range of 4~ (x). ans: Domain: [1,3], Range: [3,11]
Q7. The function f is defined as
2 4
DX — R 1.
fix x—3 x?—4x+3’ reR
(a) Show clearly that
2
fix———, xeR x>1.
x—1
. . 71 . . . 71 2
(b) Find an expression for f~"(x), in its simplest form. ans: [ (x)=—-+1
x

The function g is given by

g:xb—>2x2+4, xeR.

(c) Solve the equation f(g(x)) = i {ans: xX= il]
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1.5 Chapter Review

Review Exercise 1 Mixed Questions

Problem 1.5.1 Given the function f(x) = 5x+ 18, find:
@ f(5)
(b) £(9)
© f(=3)

Problem 1.5.2 Given the functions f(x) = %2 and g(x) =2x+7, find:

(@ f(g(2))
(b) g(f(=3))
© f(f(4)

Problem 1.5.3 Given the functions:

f(X):m, XGR,X>1

2
glx)==, xeR,x>0
x

(a) Find the range of f(x).
(b) Find the value of x for which g(f(x)) = 6.

Problem 1.5.4 Given the functions:

f@) =5, xeRx#2

glx)==, xeR,x#0

(a) Find f~!(x).
(b) State the range of f~!(x).
(c) Find the value of x for which f(g(x)) =1.5.

Problem 1.5.5 Consider a function f : [0,1] — [0, 1] defined by f(x) = x. A new function
g(x) is constructed based on f(x). Sketch g(x) on the interval [—4,4] given that:
(a) g(x) = f(x) forx € [0, 1], and g(x) is periodic with period 1.

l,
(b) g(x) = f(x) for x € [0,1], g(x) is odd, and is periodic with period 2.
(c) g(x) = f(x) forx € [0, 1], g(x) is even, and is periodic with period 2.
(d) g(x) = f(x) forx € [0,1], g(x) = f(2 —x) for x € [1,2], and is periodic with period 2.

Problem 1.5.6 Given the functions:
fx)y=¢"—4, x€R

gx)=In(x—3), xeR,x>3

(a) Find the range of f(x).
(b) Find the inverse function, f~!(x).
(¢) Find the inverse function, g~ (x).
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Review Exercise 2 Challenging Questions

Problem 1.5.7 The graph of the function f(x) = —(x —2)? +4 is shown below.

f(x)

N W A

(a) State the domain of f(x).

(b) State the range of f(x).

(c) Find the values of x for which f(x) = 2.
(d) Find the value of f(1.5).

(e) State the interval(s) where f(x) is increasing.

Problem 1.5.8 The function f is defined by

_4Ax—1 3

f(x)—ma XGR,X#—E-

(a) Find the inverse function, £~ (x).
(b) Hence, solve the equation f(x) = f~!(x).

(c) The points where f(x) = x would also satisfy the equation in part (b). Explain why
there are no real solutions.

Problem 1.5.9 A function f(x) is defined by the piecewise rule:

3x—1, x<2
fx) =19,
x+1, x>2

The function is one-to-one. Find the inverse function, f~!(x), stating its domain for each
piece.

Problem 1.5.10 A function is given by the rule f(x) = ax? + bx + c. Find the values of the
constants a, b, and ¢, given that the function satisfies all three of the following conditions:
e f(x) is an even function.
e The graph of the function passes through the point (2,9).
e The range of the function is [1,00).
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Summary 1 Functions

Function: A rule that maps each input from a set (the domain) to a single,
unique output in another set (the range).

Domain: The set of all valid inputs (x-values) for which the function is defined.
Range: The set of all possible outputs (y-values) produced by the function.

Even Function: A function that is sysnmetrical about the y-axis. The algebraic
testis: f(—x) = f(x).

Odd Function: A function with 180° rotational symmetry about the origin. The
algebraic test is: f(—x) = —f(x).

Periodic Function: A function that repeats its values at regular intervals. The
smallest such interval is the period, T. The algebraic test is: f(x+T) = f(x).

Composite Function: A function created by applying one function to the result
of another. The notation is: (fog)(x) = f(g(x)).

Inverse Function: A function, denoted f~!(x), that reverses the action of a
one-to-one function f(x). The domain of f~!(x) is the range of f(x). The graph
of f~1(x) is a reflection of f(x) in the line y = x.

Chapter Checklist

O | can define the tferms domain and range, and determine them for a
given function.

O | can evaluate a function for a given numerical or algebraic input.

O | can test if a function is odd, even, or periodic using the algebraic
definitions.

O I can find the composite function f(g(x)) and state its domain.
O | can find the inverse of a one-to-one function, f~!(x).

O lunderstand the relationship between the graph, domain, and range of
a function and its inverse.
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Differentiation

2.1 Differentiation of standard functions

Differentiation is a mathematical technique which can be used for analysing the
way in which functions change. In particular, it measures the rate of change of a
function at any given point. In essence finding the gradient.

In engineering applications the function may, for example, model and predict
changes in velocity, altifude, and trajectory, model the rate of temperature
changes over time or space in thermal systems, analysis of changes in heart
rate or blood pressure over time, determine torque and changes in wind speed
affecting performance and so much more.

In this chapter we explain what is meant by the gradient of a curve and introduce
differentiation as a method for finding the gradient at any point.

Function Derivative Function Derivative
Basic Rules Trigonometric Functions

constant 0 sinx cosx

x" nx"! cosx —sinx

kx" knx" ! tan x sec?x
Exponential & Logarithmic Trigonometric (Chain Rule)

e e sin(kx+c) kcos(kx+c)

e kek* cos(kx+c) —ksin(kx+c)

Inx 1 tan(kx +c) ksec?(kx+c)

X
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Chapter 2. Differentiation

2.1.1 Polynomial functions

Example 2.1 Differentiating a Polynomial
Problem: Differentiate the polynomial function:

fx) =4x° =3 + 242 —Tx+5

Solution:

d
Step 1: Apply the power rule, d—(x" ) = nx""!, to each term of the polynomial.
X

d d d

f1(x) = == (4x°) = == (3x%) + —(2x®) — —(Tx) +

d
dx dx

dx dx

Step 2: Calculate the derivative of each term individually.

f1x) =45 = (3-3x%) + (2-2x') = () +(0)

Step 3: Simplify the resulting expression.
f'(x) =20x* —9x? 4-4x— 7

f(x) =20x* — x>+ 4x—7

Q1. Find the derivative of y = 7x+ /x.
Q2. Find the derivative of y = x> + 7.
Q3. Find the derivative of y = 2x?.
Q4. Find the derivative of y =1 — 6x3.
Q5. Find the derivative of y = 5x* +2x> +4x+7.
. N 3 7
Q6. Find the derivative of y = — + — + 18x+27.
2x2  3x3
. N 3.
Q7. Find the derivative of x = Et with respect to ¢.

Q8. Find the derivative of x = 113 with respect to t.

Q9. Find the derivative of A = 72 with respect to .

dv .
Q10. Forv=u+ at, find o assuming u and a are constants.

(5)

ans: Y _ 7 !
" dx 2y/x |
dy
: = =3y?
[ans I X
dy
:— =4
[ans P X
4 :
[ans: d—ﬁ — _15x3
[ans: @ =203 +6x2+4
dx |
dy 3 7
[ans: T ——X—S—x—4+18
ans @ = %
dr 2
dx
:—=0
[ans I
A
r—=2
[ans P nr
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2.1.2 Trigonometric

Example 2.2 Differentiating Trigonometric Functions
Problem: Differentiate the function:

f(x) =sinx+3cosx —2tanx

Solution:

Step 1: Recall the standard derivatives for trigonometric functions.

a(sinx) = COSX, %(cosx) = —sinx, a(tanx) = sec’x

Step 2: Apply these rules to differentiate the function term-by-term.

flx)= %(Sinx) I 3%(00”) — 2%(tanx)

Step 3: Substitute the derivatives and simplify.
f'(x) = (cosx) +3(—sinx) — 2(sec’x)

f'(x) = cosx — 3sinx — 2sec’x

f'(x) = cosx — 3sinx — 2sec’x

d
Q1. Find the derivative of y = sinux. [ans: d—y = Ccosx
X

. . . dy .

Q2. Find the derivative of y = 3 cosx+ 2sinx. ans: T —3sinx+2cosx
X

. o 5. dy 5 . 3 |

Q3. Find the derivative of y = x” sin 3x. ans: i 3x°sin3x+ 3x’ cos 3x
X

: - 3 dy 5 |

Q4. Find the derivative of y = 1 tan(4x+1). ans: - = 3sec*(4x+1)
b

. . 3 . dy . |

Q5. Find the derivative of y = 5 cos 4x —sin(3x+2). ans: - = —6sin4x —3cos(3x+2)
X

Q6. Find the derivative of y = (x* 4 3x +2) cos 2x.

4 -
[ans: d—y = (2x+3)cos2x — 2(x* +3x +2)sin2x
X

d
4x. [ans: d—y = —4cos3 xsinx

X

Q7. Find the derivative of y = cos

2x'

s T (2 —tanx)?

dy 2t
Q8. Find the derivative of y = — { 4 anxtxsec

2 —tanx’
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d 0
Q9. Find the derivative of y = 2arctan /sinx. ans: @ _ oY ]

st — =
dx  (1+sinx)y/sinx

i d . . .
Q10. Find the derivative of y = (sinx)“*s*.  |ans: d—y = (sinx)®*s* (cosxcotx — smxln(smx))]
x

2.1.3 Exponential

Example 2.3 Differentiating Exponential Functions
Problem: Differentiate the function:

f(x) =5¢"+3e> —4e*

Solution:

d
Step 1: Recall the derivative rule for exponential functions, o (€5%) = kek™.
X

Step 2: Apply this rule to differentiate the function term-by-term.

f/(x) = %(Sex) + %(3e2x) _ %(46—)6)

Step 3: Calculate the derivative of each term and simplify.
f'(x) = (5¢") +(3-2¢%) = (4- (= 1)e™)
f(x) = 5¢" 4 6e* +4e™*

f(x) =5¢" + 6™ +4e*

4 -
Q1. Find the derivative of y = ¢** — ¢*. [ans: d—y =2¢% —¢*
X
J -
Q2. Find the derivative of y = 7e3*. [ans: d—y =21
X
4 -
Q3. Find the derivative of y = 23> + 15¢*. [ans: d—y = 46¢% + 456>
X
Q4. Find the derivative of y = 5 + +17¢* 4+ 15¢%. |ans: dy =t 17ex-
20?33 ’ dx |
dy eV ]
5. Find the derivative of y = ev™. ans: —
Q ind the derivative of y =¢ [ FPREW::
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2.1.4 Logarithmic

Example 2.4 Differentiating Logarithmic Functions (Chain Rule)

QL.

Q2.

Q3.

Q4.

Qs.

Q6.

Problem: Differentiate the function:

f(x) = In(x*+3x)

Solution:

Step 1: Recall the chain rule for logarithmic functions.
1 du

d
The rule is —1 =—.—.
e rule is dx[ n(u)] e
For this problem, we identify the inner function as u = x> + 3x.

Step 2: Differentiate the inner function, u, with respect to x.
du d

2
- — __2
(x*4+3x) =2x+3

d
Step 3: Substitute u and d—u back into the chain rule formula.

fl)=-

x
1 du 1
= —=—(2x+3

u dx x243x =3

Step 4: Simplify the resulting expression.

2x+3
T
f(x)_x2—|-3x
2x+3
T
f(x)_xz—i-?;x

d 5
Find the derivative of y = 5In.x. ans: 2 =2
dx x
d 1
Find the derivative of y = In2x. ans: o _Z
dx x
. . dy 5
Find the derivative of y = 3Inx+ 21n3x. ans: — = —
dx x
3In2x  7In5 d 23]
Find the derivative of y = nex X +141n2. ans: 2 = =2
2 dx  6x
. — > y 2x
Find the derivative of y = In|x* — 1. ans: —
dx x2—1
1 d 2
Find the derivative of y = In Xt . ans: 2 — _
x—1 dx x2—1]
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dy In(3x)+2]
Q7. Find the derivative of y = x? In(3x). [ y _ In(3x)+2

ams: - =— G
Q8. Find the derivative of y = v/Inx. [ans: % - 2x\}1nix_
Q9. Find the derivative of y = iy [ans: % = _x(1—|—11nx)2
Q10. Find the derivative of y = In (8 — igj) [ans: % = _4 o

Differentiation techniques

The first two sections covered differentiating from first principles and the differentio-
tion of standard functions such as x?, %, cos (2x) and In (x).

Now in this section slightly more complex functions will be differentiated such as
ey, Bbric n order to differentiate these functions various new methods will be

required which you should have already covered in A-level maths. In this section
we will cover Chain rule, Product rule and Quotient rule.

The Chain Rule

The Chain rule is the differentiation technique used to differentiate composite
functions which we covered in the previous chapter, or in simpler terms a function
within another function.

If a function y is a composition of two functions, written as y = f(g(x)). we can
define an intermediate variable. Let u = g(x), so that y = f(«). The derivative of y
with respect to x is then given by:

dy dy du

dx du dx

Alternatively, using prime notation, the rule can be expressed in a single step as:

dy

o= ['(e(x)-¢'(x)

This means you take the derivative of the outer function (leaving the inner function
unchanged) and multiply it by the derivative of the inner function.

Example 2.5 Applying the Chain Rule

Problem: Differentiate y = sin(x”> + 1) with respect to x.
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Solution:
Step 1: Identify the inner and outer functions.
Let the inner function be u = x> + 1.
This makes the outer function y = sin(u).
Step 2: Differentiate both functions with respect to their variables.
du
)
dx *
d
d%}t = cos(u)
d dy d
Step 3: Apply the chain rule formula, A
dx du dx
d
d% = cos(u) - (2x)
Step 4: Substitute the expression for u back into the equation and simplify.
d
d% = cos(*+1)- (2x)
d
a% = 2xcos(x* + 1)
d
d%c) = 2xcos(x* + 1)
| |
. . . 6 dy 5-
Q1. Find the derivative of y = (x4 1)°. ans: - = 6(x+1)
b
J -
Q2. Find the derivative of y = ¢’ +3v14, [ans: d—y = (14x+3)eTx +3xt4
b
: I ) dy .
Q3. Find the derivative of y = cos” x. ans: i —2sinxcosx
b
. c . . o) dy 2 ]
Q4. Find the derivative of y = sin(x* + 2x). ans: — = 2(x+1)cos(x” +2x)
x
5 d 30
QS. Find the derivative of y = ———. [ans: @ _ v
(2x+3) d (2x+3)* ]
. . 1 dy sinx
6. Find the d t fy=——. =
Q ind the derivative of y Feori 3 [ans dx ~ (Zeosx+35)77 ]
Q7. Find the derivative of v = /2 4 In 3¢ with respect to ¢ ans: @ = ;_
' P ' Sdt o 20,/2+1n(3r) |

Q8.

das
Find the derivative of S = 2" with respect to r. [ans: i 2"1In2

r
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2.2.2 The Product Rule

The product rule is used to find the derivative of a product of two functions.
If a function y is the product of two differentiable functions, say g(x) and A(x), so
that y = g(x)h(x), then its derivative is given in prime notation as:

Y =g (x)h(x) +g(x)h (x)

Alternatively, using Leibniz notation, we can let u = g(x) and v = h(x), so that y = uv.
The rule is then expressed as:

dy dv n du
A A T bucid
dx dx dx
Example 2.6 Applying the Product Rule
Problem: Differentiate y = x In(x) with respect to x.

Solution:

Step 1: Identify the two functions being multiplied, # and v.
2
u=2Xx

y=Inx

Step 2: Differentiate u and v with respect to x.

du
2 _n
ax
dv_1
dx x
d d d
Step 3: Apply the product rule formula, @ _ Y + v—u.
dx dx dx
d 1
d%;c = (+%) <x> + (Inx)(2x)
Step 4: Simplify the resulting expression.
d
d—i =x+2xInx
d
d% = x(1+2Inx)
d
d%c} =x(1+2Inx)
| |
. A dy .
Q1. Find the derivative of y = 7xcosx. ans: T 7cosx — Txsinx
X

d
Q2. Find the derivative of y = 5x*e’*. [ans: d—y =5%e™ (4 + 7x)]
x



2.2 Differentiation techniques 23

d
Q3. Find the derivative of y = sinxcosx. [ans: d—y = cosx(cos?x — 2sin’x)
X
J -
Q4. Find the derivative of y = ¢**(4sin2x +3cos2x). [ans: d—y = 2¢>*(sin2x + 7 cos 2x)
X

Q5. Find the derivative of y = cos2x + tanxsin 2x.

d
[ans: d—y = —2sin2x+ sec? xsin2x + 2 tanxcos 2x
x

dv  3(2t—1)°
Q6. Find the derivative of v = 6+/7(2t — 1)* with respect to ¢. [ans: di‘t} = (\/t)(l& -1)

Q7. The curve C has equation y = xInx, for x > 0. Find the exact coordinates of the turning point
1 1)]

of C. [ans: (,—>
e e)]

Q8. A curve C has equation y = xe?*, for x € R. Show that an equation of the tangent to C at the
point where x = 1 is 2y = e(4x— 1)

Q9.
d
(a) Find o (x? cot2x). [ans: 2xcot2x — 2x% csc? 2x|
x

d
(b) Show that a(tanx) = sec’x.

Q10. The curve C has equation y = (x — 1)(x —2) +Inx, for x > 0.

(a) Show that one of the turning points of C has coordinates (%, % —In 2) and find the coordinates

of the other. [ans: (1,0)]
(b) Determine the nature of the turning point with coordinates (%, % —In 2).
[ans: local maximum)]

Q11. The curve C has equation

kx*—a

y= k2 +a’

where k and a are non-zero constants. J J tak
(a) Find a simplified expression for d%)c in terms of a and k. ans: d—z = ﬁ
(b) Hence show that C has a single turning point for all values

of a and k, and state its coordinates. [ans: (0, -1)]

Q13. The curve C has equation

x2—6x+12 11
=— R —.
11 YERTY
d d 22x—-9)(x—1
(a) Find a simplified expression for c% ans: a% = (()zlx—)l(f)z)

(b) Determine the range of values of x for which y is decreasing. [ans: 1 <x < %, X # %]
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The Quotient Rule

The quotient rule is used to find the derivative of a function that is a quotient of

two other functions.If a function y can be written as y = @, where g(x) and h(x)

h(x)

are differentiable functions, its derivative in prime notation is:

Alternatively, using Leibniz notation, we can let u = g(x) and v = h(x), so that y = “
1%
The rule is then expressed as:

du_ dv
ﬂ_ vdx_udx

dx v2

The order of the terms in the numerator is very important due to the subtraction.

Example 2.7 Applying the Quotient Rule

2
. . X
Problem: Differentiate y = Inx with respect to x.
nx

Solution:

Step 1: Identify the numerator, u, and the denominator, v.

u:x2

v =Inx

Step 2: Differentiate u and v with respect to x.
du

— =2
dx o
dv_l
dx x

dy AL el
Step 3: Apply the quotient rule formula, T M
by 1%

5 96 (1)

X

dx (Inx)?

Step 4: Simplify the resulting expression.

dy 2xlnx—x
dx  (Inx)?

dy x(2Inx—1)
dx  (Inx)?

dy x(2lnx—1)
dx  (Inx)2
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, o (x41)° cdy  2(x+19)(x+1)7]
Q1. Find the derivative of y = (2x 18 ans: - = (2x +8)6
, L x(2x% +2) dy 2268 +3x*—2x+1)]
Q2. Find the derivative of y = JOTERNEE [ans: dx (2x+1)3
_ o 2x+1 dy 2x+3
Q3. Find the derivative of y = N [ans. i W
d 2x) ]|
Q4. Find the derivative of y = S?ﬂ. [ans: o _M
sinx dx sin“xcos2 x |
1 d 2 —Inx]|
Q5. Find the derivative of y = % [3115: dii = 2x3/r;x_
46" d 8e*
Q6. Find the derivative of y = = i 5 [ans: d%; = (e"+2)2 )
x_g d 9 |
Q7. Find the derivative of y = eex . [ans: d—i = m
2x(x? +6x+ 12 d 48
Q8. Find the derivative of y = o (x++ ;;_ ) [3“5: a% = (x+2)4
. - x+1 dy 1
9. Find the derivative of y = . ans: — = —
Q vative of y =4/ —— [ dx  Vairl(x—1)72]
Q10. Find the derivative of cos2x [ans D _ s
. Find the derivative of y = ———. P - =— X
YT TTsinx dx _

Implicit Differentiation

When a relationship between x and y is defined by an equation that is difficult to
solve fory (e.g., x> +y* = 6xy), we can find the derivative using implicit differentiation.
The process involves differentiating both sides of the equation with respect to x,
while treating y as an unknown function of x. The key is to apply the chain rule
whenever differentiating a term containing y. The general form of this rule is:

d o dy
For example, when differentiating a power of y, this application of the chain rule
gives:

4 19y
dx dx

Similarly, when differentfiating a product like xy, we apply the standard product
rule:

(V") =ny

d dy dy
“ —(1- R A 4
L oy <y>+( dx) i

After differentiating all terms, you rearrange the equation to solve for %. The final
expression will offen be in ferms of both x and y.
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Example 2.8 Applying Implicit Differentiation
. dy :
Problem: Find I for the curve defined by the equation:
X

K +y* =25

Solution:

Step 1: Differentiate both sides of the equation with respect to x.

We apply the chain rule to the term involving y, since y is a function of x.

d, o, 5 d
= =25
(P 4+1) = 2 (25)

2x+2y% =0

d
Step 2: Rearrange the equation to solve for d—y

x
dy
2y— = -2
ya’x *
dy —2x
dx 2y

Step 3: Simplify the final expression.

dy _ _x
dx y
dy _ _*
dx y
| |
d d
Q1. For the curve x* + 2xy + 3y> = 12, find £ ans: > = - e
dx dx x+3y
dy dy  2x+3+2xy*]
2. F 3 _32y2 =243 1. find ==, ST T s A
Q2. Fory —xy"=x"+3x+1. find 7o AT ey -2 |
d d 12x+7y]
Q3. For (3x—y)(2x+3y) =38, find d%; [ans: a% = 6yxj7;_
dy dy 2x+5-3x%]
3.3y LY
Q4. Fory(x’+y°) = (x+1)(x+4), find T [ans. - P
dy Ldy & —ye'
Q5. For ye* = xe’, find . [ans' dx & —xev
2 2]
X dy dy 2x—3y
6. F —3y2, find =2 P =
Q Orx+2y Y Ie Oy [ans dx  6y(x+3y)
dy dy _y(6x>=1)]
7. For 3x? +3 = In(5xy?), find —. T o
Q7. For 3x* + n(5xy*), fin o [ans y 5
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i dy dy 32 ]

8. F =—¢’+x>+2, find —. PR A
Q or siny e +x° + n dx [ans dx ~ cosyte
d d 1

Q9. Forx®+) =16, find 2. ans: 20— _*
dx dx y

2y)* d dy 2x—3y]

Q10. For the curve (x4;i—_);) +y=x, find d—z [ans: a% = 3i+2§_

Q11. Find the equation of the tangent to the curve y> + 3xy — 2x> + 17 = 0 at the point (2,3).
[ans: x+ 12y = 38]

Q12. For the curve 2y> —xy +4x+x> =17:

d d —2x—4
(a) Find an expression for —y. ans: @ _y—e—a

dx dx 4y —x
(b) Find the coordinates of the two stationary points. [ans: (—1,2) and (—%, — 27—2)]
Q13. For the curve 4xy — (x+2)? =y* —5:

d dy 2y—x—2
(a) Find an expression for —y. ans: @a_ymxTme

dx dx y—2x
(b) Determine the coordinates of the two stationary points. [ans: (0,1) and (%, %)]

Q14. The normal to the curve ax® — 3xy + by? = 224 at the point P(—2,6) has the equation
15x — 13y + 108 = 0. Find the values of the constants a and b.
[ans: a =8,b=7]

Q15. For the curve defined by y(xy+3) = 2x+ 1:

. . dy dy 2—y*
Find for —=. fdx
(a) Find an expression for T ans dr  2y+3

(b) Show that there is no point on the curve where the tangent is parallel to the y-axis.

Q16. A curve has the implicit equation 8x* + 32xy> + 16y* = 1. Find the coordinates of any real
points on the curve where the gradient is %
[ans: No Real Points]

Q17. A curve C has the implicit equation (xy —2)(y+5) = 10. The curve crosses the y-axis at
point A, and line L is the tangent to C at A.

(a) State the coordinates of A. [ans: (0, -10)]
(b) Find an equation for L. [ans: y =25x— 10]
(c) Find the coordinates of the point where L meets C again. [ans: (% , 5)]

Q18. For the curve 4* +2xy +y* = 13:

d 4%1n2
(a) Show that & — _ YT+ <
dx x+y

(b) Find the gradient at the two points on the curve where x = 2.
[ans: 1 —161n2 and —3 + 161n2]
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d 141
Q19. Show that for the curve ye” = x*, where x > 0, the derivative is jy = y(l—:_nx)
X y

Q20. For the curve 4y + 3xy — 2x* = 2x — 2y — 12:

dy 244x-—3y
Show that = = £ X 75
(a) Show that & & = & 3 r 12

(b) Find the coordinates of the two points where the tangent to the curve has a gradient of —2.

2.4 Parametric Differentiation

When x and y are both defined as functions of a third variable, known as a
parameter (commonly ¢), we can find the derivative % without first converting to
a Cartesian equation. Given x =x(r) and y = y(¢), we can use the chain rule, which

states:
dy dy dx
dt  dx dt

By rearranging this equation, we can solve for % to get the formula for parametric
differentiation, provided that % #£0:

dy dy/dt

dx  dx/dt

Example 2.9 Applying Parametric Differentiation

d
Problem: Find d—y for the curve defined by the parametric equations:
X

x=12+1, y=342

Solution:

Step 1: Differentiate both x and y with respect to the parameter ¢.
dx d

2
—=—(t"+1)=2
dt dt( )
dy d 3 2
— =— 2t) =3t"+2
dt dt( 2 *
d dy/dt
Step 2: Apply the formula for parametric differentiation, = v/ .
dx dx/dt
dy 3t*42
dx 2
dy 342

dx 2t
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Q1. A curve is given parametrically by x =3 +42cos0 and y = —3 4 2sin0, for 0 < 8 < 27.

d 3—
Show clearly that ar_ x'
dx y+3

Q2. A curve is defined by the parametric equations x = %a cosO and y = asin 0, where a is a

d 4
positive constant. Show clearly that d—y S
X y

Q3. Acurveis given by x = 1 —c0s26 and y = sin26. The point P lies on this curve where 6 = £.
Show that an equation of the normal to the curve at P is y+ V3x = /3.

Q4. A curve is defined by the parametric equations x =7+ 1 and y = #> — 1. Find the Cartesian
equation of the curve.
[ans: y = X2 —2x]

Q5. A curveis defined by x =acos@ andy =a sin? 0, where a is a positive constant. Show that
the equation of the tangent to the curve where 6 =  is 4x+4y = 5a.

2t

112 _
5 andy— iz

Q6. A curve Cis given by x = T
between C and the line 3y = 4x.

Find the coordinates of the points of intersection

7_%)]

Q7. A curve is given by x = §(2¢ —sin2¢) and y = a(1 — cos2t). Find the equation of the tangent
to the curve where r = .
[note: The target equation in the original problem was incorrect.]

[ans: y—a:2<x_a(”T*2))]

[ans: (2,2) and (—

wnlw

Q8. A curveis given by x = % and y = > — 1. The point P(4,y) lies on this curve. Show that an
equation of the tangent to the curve at Pis x+8y+2 = 0.

d
Q9. For the curve defined by x = 2cost and y = v/3cos 2z, find an expression for d—y
X

[ans: @ = 2\@cost]
dx

d
Q10. For the curve defined by x =46 —cos 6 and y = 1 4 sin 0, find an expression for d—y

X
ans: dy  cos6
“dx  4+sinf
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Stationary Points of Single-Variable Functions

Differentiation can be used to find the stationary points of a function’s graph. A
stationary point is any point on a curve where the gradient is zero, i.e., where:
dy

dx =0

These points are candidates for turning points (local maxima or minima), but can
also be stationary points of inflection. For example, the point (0,0) on the curve
y = x3 is a stationary point but not a turning point. Thus, while all turning points are
stationary points, not all stationary points are tfurning points.

The First Derivative

The sign of the first derivative, %, tells us whether the function is increasing or
decreasing:

. . o . d
¢ Increasing Function: The function is increasing where d—y > 0.
X

e Decreasing Function: The function is decreasing where ? <0.
X

The Second Derivqtive

The second derivative, d 5., provides information about the concavity (how the
curve bends) and can be used to classify stationary points.

, d?
e Concave (Concave Down): The curve is concave where d—z <0.
X

, d?
e Convex (Concave Up): The curve is convex where d—z > 0.
X

e Point of Inflection: This is a point where the concavity changes. A candidate
2 2
point exists if % 0, but you must confirm that the sign of Z J

either side of the point.

changes on

. . , . d?
e Local Maximum: The point is a local maximum if e z <
X

2
« Local Minimum: The point is a local minimum if % >0,
X

2

¢ Inconclusive: If ? =0, this test fails. You must use the first derivative test

(checking the sign of the gradient on either side of the point) to classify it.

0.

Example 2.10 Finding and Classifying Stationary Points
Problem: Find and classify the stationary points of the function:

flx)=x>—6x*4+9x+1
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Solution:

Step 1: Find the first derivative, f'(x).
f'(x) =3x* —12x+9

Step 2: Set f(x) = 0 to find the x-coordinates of the stationary points.
3¢ —12x+9=0
X’ —4x4+3=0
(x—1)(x—=3)=0
= x=1landx=3

Step 3: Find the second derivative, f”(x), to classify the points.
f(x)=6x—12

Step 4: Apply the second derivative test to each x-value.
Atx=1: f’(1)=6(1)—12=—6. (Since f’(1) <0 = Local Maximum)
Atx=3: f'(3)=6(3)—12=6. (Since f’(3) >0 = Local Minimum)

Step 5: Find the y-coordinates to determine the full coordinate points.
Atx=1: f(1)=(1)>=6(1)>4+9(1)+1=5.
Atx=3: f(3)=(3)>-6(3)>4+93)+1=1.

Local Maximum at (1,5)
Local Minimum at (3, 1)

Q1. The curve C has equation y = %, for x # —%.
dy  2x*42x
Show that — = ——.
(a) Show tha dx  (2x+1)?
(b) Find the coordinates of the stationary points of C. [ans: (0,0) and (-1,-1)]

1+Inx

Q2. The curve C has the equation y = . Show that the curve has a single stationary point

and find its coordinates.
[ans: (1,-1)]

Q3. The curve C has equation y = (x — 1)(x —2) 4 Inx, for x > 0.

(a) Show that one turning point of C is (%, % —1n2) and find the other. [ans: (1,0)]
(b) Determine the nature of the turning point at x = % [ans: Local maximum)]

Q4. The curve C has equation y = Inx — 2 for x > 0. Find the exact coordinates of the turning

point of C and determine its nature.
[ans: (4,In4 — 1), which is a maximum]

.. kx* —a
Q5. The curve C is given by y = ora where k and a are non-zero constants.
x*+a
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d d dak
(a) Find a simplified expression for d—z ans: d—z = (kxzai—i—xa)z
(b) Hence show that C has a single turning point and state its coordinates. [ans: (O, -1)]
Q6. A curve C is given by y = x%¢*.
g yy
(a) Find the exact coordinates of the stationary points of C. [ans: (0,0) and (-2, 48_2)]

dzy

72> determine their nature.  [ans: (0,0) min, (—2,4e72) max]

(b) By considering the sign of
Q7. The curve C has equation f(x) = (2x—1)e %,

(a) Find an expression for f’(x). [ans: f/(x) = (4 —4x)e >]
(b) Show that f”(x) = 4(2x —3)e~2*.
(c) Find the exact coordinates of the stationary point of C and determine its nature.

[ans: (1,e2), which is a maximum]

Q8. For the curve y = 12Inx — x%, where x > 0, determine the range of values of x for which y is
decreasing.
[ans: x > 4]

Q9. A curve C has equation y = e*(x* —4x — 2).

d
(a) Show that d—y =2e7(x? —3x—4).
X 2y
(b) Show further that — = 2¢*(2x* —4x—11).

(c) Find the exact coordinates of the stationary points of C and determine their nature.
[ans: Local min at (4, —2¢%), local max at (—1,3¢72)]

Q11. The curve C has equation f(x) = ax’® + 15x*> — 39x+ b. The point (2,10) lies on C and the
gradient at this point is —3.

(a) (1) Show that a = —2.  (ii) Find the value of b. [ans: b = 44]
(b) Hence show that C has no stationary points.
(c) Write f(x) in the form (x —4)Q(x). [ans: Q(x) = —2x* +7x—11]

(d) Deduce the coordinates where y = f(0.2x) intersects the axes. [ans: (0,44) and (20,0)]

Q12. A cubic curve y = g(x) passes through the origin and has a stationary point at (2,9). The
coefficient of its x> term is equal to the coefficient of its x term.

(a) Find g(x). [ans: g(x) = —3x> + % —3x]
(b) Prove that the stationary point at (2,9) is a maximum.

Q13. The curve C has equation y = 12,/x — x> — 10, for x > 0.

(a) Find the coordinates of the turning point on C. [ans: (+v/9,9v/3 —10)]
d? d?
(b) Find d—xﬁ. ans: d—xﬁ = 3322
(c) State the nature of the turning point. [ans: Maximum)]
Q14. The equation of a curve Cisy = ﬁ

(a) Find the coordinates of the stationary points of C. [ans: (3,1/6) and (—3,—1/6)]
2

d
(b) Evaluate Y J

——5 at each stationary point. [ans: Atx =3, —1/54; atx = —3, 1/54]
X
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Partial derivatives of multi-variable functions

So far we have dealt with functions(f(x)) which have one independent input
variable which can be interpreted graphically as a planar curve. Now we will be
dealing with functions(f(x,y,z)) with multiple independent input variables, these
functions can be interpreted graphically as a surface.

In order to find the rate of change of multi-variable functions, a process called
parfial differentiation is used. This is done by holding all but one of the variables
constant and finding the rate of change of the function with respect to the one
remaining variable.

A function with two independent variables f(x,y) has two partial derivatives, ‘3{
and g—f;. Likewise a function of three variables f(x.y.z) has three partial derivatives
%, ‘3—5 and ‘;—J:, and so on for functions with more than three variables.

When differentiating a function with several variables f(x,y,z,a,b,...) the partial
derivative of f with respect to a (for example) is denoted by % and is obtained by
differentiating f(x,y,z,a,b,...) with respect to a in the usual way but treating all the
other variables as if they were constants.

Example 2.11 Finding First-Order Partial Derivatives

d d
Problem: Find the partial derivatives of and of for the function:

ox dy

fx,y) =x*y+3xy" +°

d
Finding a—f: (Treat y as a constant)
X

df _ 9 5 2, .3
- _Z 3
50 = 9 YT 4Y)
af 2
=(2 3 0
5y = (X + @)y +
d
f =2xy+ 3y2

dox

.o df

Finding 8—: (Treat x as a constant)
y

adf _d , 2, .3
v _Z 3
Jy ay(x y+3xy"+y°)
d
8;0 = (1) +3x(2y) +3y*
d
or = %2 4 6xy + 3y*
dy

The partial derivatives are:

af — 2xy + 3y2

X
%—]; = x2 + 6xy+ 3y?
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Q1. For the function f(x,y,z) = 4x>y* — '+ ;—z +4y —x'©, find:

272 T
< 16x1°

. 19:2:2
@ dx [ans. 12x7y -5 |
a -
®) 95 {ans: 83y —4y3er +4
(©) of ans: 2]
0z =
Q2. For the function f(x,y,z) = cos(x? 4 2y) — A find:
d
@ Tf [ans: —2x sin(x2 +2y) — 4e4x—z4y+y3]
X
0
(b) Tf {ans: -2 sin(x2 +2y)+ (Z4 _ 3y2) e4x—z4y+y3]
y
0
© 87f [ans: 4yz3e4x_Z4Y+y3]
z
Q3. For the function f(p,t,u,v) = 8u*>p —\/vp?t=> +2u*t +3p* — v, find:
0
@ al [ans: Sut3 —y1/275/2 ¢ 12]73]
p
o 2.2 1 5.1/2,.-7/2 2
®) =~ [ans: 24122 p + 302 pr=7/% 4 2u?]
0
© 8%: [ans: 16ur®p+4ut|
0
@ 87]0 [ans: — %vfl/zp;*5/2 —1]
1%

Q4. For f(u,v) = u?sin(u+v*) — sec(4u) arctan(2v), find:

d
(a) a—i lans: 2usin(u+v?) 4+ u? cos(u+1*) — 4sec(4u) tan(4u) arctan(2v) |
af 2sec(4u)
b 2L s 3022 3y _
(b) 3 {ans 3veutcos(u+v”) a2
v/ 474 2
Q5. For f(x,z) =e™* cx +2x+3z,ﬁnd:
X 3x
af _ VA X2 4z%e™ z
(a) =— ans: —e " — - =
ox x PV
of [ 83 1]
b) = ans: ————+—
®) 9z x4t +x2 x
Q6. For g(s,t,v) =t>In(s+2t) — In(3v) (s> + 1> — 4v), find:
dg 12 ) 1
(a) R [ans. Y —3s ln(3v)_
dg 212 |
b) = : —
(b) 3 [ans 2tln(s+2t)+s+2t 2t1n(3v)_
9 3,2 T
(©) 78 [ans: —w+4ln(3v)
v % |
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2 ¥
Q7. For the function R(x,y) = —>— — ———, find:
y+1 x4y
oR 2 2xy*
(a) An expression for e {ans: yz—i)i 1 + 2 )—?y)z}
oR 2x° 2x
(b) An expression for — [ans: — 2x 4 5 — y 2x +);)]
dy O +1)2 (P +y)
2
1
Q8. For the function f(p,t,r) = p(i;;-) + pre?P I+ find:
d 2 1
(a) An expression for a—f [ans: p(;—i—) +(r+ 2pr)e2”+3”+4’}
p
0 3p*(r+1
(b) An expression for a—{ [ans: — p(t’:f) +4pre?rtirta }
. af . p2 2p+3r+4t
(c) An expression for 5 ans: “y +(p+3pr)e
r
o 2 i (43 3 2 9z 0z
Q9. For the equation xsin(y”) +xe”* — cos(z”) = 3y — 62+ 8, find EN and B
X y
ans: Jz _ 2xsin(y?) 4 e Jdz _ 3(1 —x*y*cos(y?))
" ox 3xe3 +2zsin(z2) +6°  dy  3xed+2zsin(z2) +6

N e Tunction z depends on u and v as shown below. Find simplified expressions for — an
Q10. The function z depend d v as shown below. Find simplified expressions for - and

Ju

Jdz .
—, in terms of x and y.

adv
2= (2x+3y)%, u=x>+y* and v=x+2y.

dz  2x+3y  dz  2(2x+3y)(3x—2y)
ans: - = =

2x—y ' dv 2x—y
Q11. Given f(x,y,z) = 2x+y? +xz, where x = 2¢, y = t?, and 7 = 3.
df

(a) Use the chain rule for partial derivatives to find u [ans: 10+ 473]
(b) Verify your answer by first substituting for x,y,z and then differentiating.

1

Q12. The function ¢ is shown below, where x = 3¢, y = 2, and 7 = T

P(x,3,2) =2+ iz +t, 1#0,

d
(a) Find an expression for d—('o in terms of 7. [ans: 41° 4+ 187+ 1]

(b) Verify the answer obtained in part (a) by a method not involving partial differentiation.
[ans: Direct substitution gives ¢ = r* +9¢> 4+t + 1, whose derivative is the same.]

Q13. Given the transformations x = rcos 0 and y = rsin 0, find expressions for the following
partial derivatives in terms of r and 6.
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(@) = [ans: cos 0]
gx

(b) g [ans: sin 0]
dy ‘

(©) 8—9 [ans: _s1n9]
% e

@ & [ans: 7]
dy r

2.7 Chapter Review

Review Exercise 3 Mixed Questions

Problem 2.7.1 The point P, where x = 7, lies on the curve with equation f(x) = €*sin2x.
0 < x < 2m. Show that an equation of the normal to the curve at P is given by x + 2ye™ = 7.

Problem 2.7.2 Differentiate each of the following expressions with respect to x, simplifying
your answers where possible.

Q=
(b) y = e**(sinx +cosx)

Inx
© y=—%
X

Problem 2.7.3 A curve has the equation y = xIn(1 +x?). Show that an equation of the
tangent to the curve at the point where x = 1 is given by y = x(141n2) — 1.
2

Problem 2.7.4 The equation of a curve C is given by y = e=*(cosx + sinx).

d
(a) Find an expression for d—y
x

d
(b) Show that this can be simplified to d—y = ¥ (sinx+ 3cosx).
x

(c) Hence, show that the x-coordinates of the turning points of C satisfy the equation
tanx = —3.
d d
Problem 2.7.5 Find 8_f and 8_f for the following functions:
X Y

@ flxy)=E-1)(y—2)
(b) f(x,y) ="

(©) f(xy)=e sin(x—y)

3sin O

Problem 2.7.6 Given that y = m
sin cos

T 3r
fOI'—Z < 0 < g

dy

20~ T+sin20’ where A is a rational constant to be found.

show that
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Review Exercise 4 Exam-Style Questions

Problem 2.7.7 Find 3—f and 3—f for the following functions:
X Yy

@ fx,y) = (xy+1)?

‘ -

(b) f(x,y)

= x —
(©) f(x,y) =In(x—y)
(d) f(x,y)=sin®(x+3y)

) flxy)=x7

<

Problem 2.7.8 The curve C has equation

X3 X —
- (5/x— 128)

, > 0.
\/} X
. . dy d’y d3y
Det for —, —, and —.
(a) Determine expressions for I 2 an 73

(b) Show that the y-coordinate of the stationary point of C is —k+/4, where k is a positive
integer.

d? . . . .
(c) Evaluate d—)z) at the stationary point of C. Give the answer in terms of v/2.
X

3 d2

d
(d) Find the value of o at the point on C where vl 0.
dx3 dx?

Problem 2.7.9 A curve is defined by the parametric equations
x=12-3t, y=1>, teR.

The point P on the curve is where ¢ = 2.
(a) Find the equation of the normal to the curve at point P.

2
(b) Find an expression for d_y in terms of .

o
(c) Hence, determine the concavity of the curve at point P.

Problem 2.7.10 A curve is defined implicitly by the equation x*> — xy +y? = 3.

(a) Find an expression for _y'

(b) Find the coordinates of all points on the curve where the tangent is horizontal.

(c) Find the coordinates of all points on the curve where the tangent is vertical.
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Summary 2 Differentiation
Basic Rules:
. d
o Derivative of a constant: d—(c) =0
X
. d _ —1
o Power Rule: dx(x”)d_ nx"
o Sum/Difference: d—[f(x)ig(x)] = f'(x) £ ¢ (x)
X
« Constant Multiple: %[c £0)] = of (%)

Rules for Combining Functions:

°
3
o
o
c
0
4
A
c
o

=

o

EEN

a

I

N

oQ
+

oy

X

Derivatives of Standard Functions:

d
%(a") =a lnla

o d d
e Logarithmic: %(lnx) =2 E(logax)

. d
» Exponential: E(e’“) = ke®*,

~ xlna
. . d d
o Trigonometric: E(sinx) = cosx, a(cosx) = —sinux, a(tanx) =sec’x
Advanced Techniques:
dy dy/dt

o Parametric: If x = x(r) and y = y(¢), then dx  dx/dt’

e Implicit: For an equation relating x and y, differentiate both sides with
respect to x, tfreating y as a function of x, and solve for %.

Partial Differentiation: The derivative of a multivariable function with respect
to one variable, while all other variables are treated as constants.

Chapter Checklist
O | can apply the power, product, quotient, and chain rules correctly.

O | can differentiate standard exponential, logarithmic, and trigonometric
functions.

O | can find the equations of tangents and normals to a curve.

O | can find and classify the stationary points of a function.

O | can use implicit and parametric differentiation to find derivatives.

O | can find the first-order partial derivatives of a multivariable function.



3.1

Series can be used to represent complicated functions in alegbraic polynomial
form. This is only possible if the function can be differentiated as many times as
possible and it must be smooth; which means that it is valid at for our point of
inferest.

Maclaurin Series
If f(x) can be differentiated as often as required:

2

X X3
F3) = FO)+x7'(0)+ 3 7(0)+ 3 f7(0) +++- = ¥ 2 7P(0)

This is the Maclaurin expansion of f(x). The Maclaurin series is widely used in
engineering for signal processing, analysing small angle approximations, simplifying
nonlinear equations, and solving differential equations.
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Example 3.1 Finding a Maclaurin Series from First Principles
Problem: Find the Maclaurin series for f(x) = In(1 +x) up to and including the term in x*.
Solution:

Step 1: Find the first four derivatives of f(x) and evaluate each at x = 0.

f@)=tn(1+x) = £(0)=In(1)=0
fW=1m = fO)=1
= —gmE = 0=
6= g = 0=
FO () = (1fx)4 @) =—6

Step 2: Substitute these values into the Maclaurin series formula.

11/ (4)
f(X)Zf(O)—i—f/(O)x—i-fz(! )x f3(' )x +f4!(0)x4+...

Step 3: Insert the calculated values and simplify each term.

—1 25 —6,
f(x)—0+()x+7x +6x HEYRIEE
2 3 4
X X X
fo)=x=—g 3 -3+
x2 x3 x4
In(l+x)=x—%+=—-=+...
n(l+x)=x 2+3 4+

Q1. Find the Maclaurin expansion of f(x) = (1 —x)?In(1 — x) up to and including the term in x>.

3 1
{ans: flx) = —x+2x2—3x3+...]

Q2. Find the Maclaurin expansion of f(x) = e~ cos4x up to and including the term in x*.

44 14
{ans 1—2x— 6x2+?x3—?x +. ]

Q3. Use standard results to find the series expansion of y = ¢>*sin 3x up to and including the term

in x*.

[ans: 3x+6x2+%x3 —5x4+...]

Q4. Given f(x) = sin[In(1 +x)], for x > —1:

(a) Show that (14x)2f"(x) + (14+x)f'(x) + f(x) =
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(b) Hence find the first three non-zero terms of the Maclaurin expansion of f(x).

1 1
ans: x — Exz + 6x3]

- _ 4.
Q5. Given y = In(4+3x), for x > —3:

Zy d3y
(a) Find simplified expressions for PRk an 3
ans: 3 9 54
T4+ 3x] (443x)2"  (4+3x)3

Q6. The first non-zero term in the Maclaurin expansion of e”* — (1 4-4x)" is —4x?, where m and n
are non-zero constants. Find the coefficient of x> in this expansion.
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3.2 Taylor Series

If the function f(x) can be differentiated as often as required at x = xy then:
(x—x0)?
2!

This is called the Taylor series of f(x) about the point x.

f(x) If(xo)+(x—xo)f’(x0)+ " (x0) +---

The Maclaurin series is equivalent to the Taylor series of that function about the
point x = 0. The Taylor series is used in engineering for modeling stresses in struc-
fures, analysing circuit responses, and approximating fluid and thermodynamic
properties.
Example 3.2 Finding a Taylor Series
Problem: Find the Taylor series for f(x) = \/x about the point a = 4, up to (x —4)2.

Solution:

Step 1: Find the first two derivatives of f(x) and evaluate each at a = 4.
f)=x'? = fA)=va=2
1 1 1
fER=sx" = f@4)=-—7

2 T2/ 4
i I _ " 1 1
fl)=—gx = f (4):_4(4>3/2 =73

Step 2: State the Taylor series formula up to the second-order term.

1) = £@) + (@) e - ) + L1

(x—a)*+...

Step 3: Substitute the calculated values with a = 4 and simplify.

f) =2+ (i) =)+ L2y

F@) =24 3= 4) = iz =4+

1 1 )
VER 2+ 2 (x—4)— (x—4)

Q1. Find the first four terms in the Taylor expansion of y = % about x = 1.
1 3 5
an—zu—w+8u—w%-@_nuﬂ”

Q2. Lety=tanx.

Py dy (dy\®
(a) Show that ﬁ = ZyW +2 % .
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(b) Determine the first four terms in the Taylor expansion of tanx in ascending powers of ( — %) .

ans: 142 (e~ 1) +2(x— 1)’ 45 (1) 4.

Q3. Lety=tan’x.

d4
(a) Show that chZ = 120sec®x — 120sec* x + 16sec? x.

(b) Determine the first five terms in the Taylor expansion of tan’x in ascending powers of

(x—3%)
1
76\[ h4 ...whereh:x—gi

[ans: 3+ 8v/3h +40h* + 3

Q4. Let f(x) =cosx.

(a) Find the first four terms in the Taylor expansion of f(x) in ascending powers of ( — %)

o e e e

ans: 5773 1 6/ T12

(b) Use this expansion to find an approximation for cos (%)
3

V3 o V3n: ox;

~ __ _ __ __
~

. k4
[ans. CoS (4) > 24 576 20736

Q5. Find the first three non-zero terms in the Taylor expansion of f(x) = sin2x centred at x = 7.
/9

2
{ans: 1—2(x—%)2+§(x—z)4+...

d? d
Q6. Given the differential equation 7 )2) =¢ <2ydy +y?+ 1) with initial conditions y(0) = 1
X X

dy _
and e =2.

and find the value of k.
[ans: k = 4]
3

(b) Find the series solution for y in ascending powers of x, up to and including the term in x
[ans: y = 1+2x+3x2 +5x° +...]

d? d*y d d
Y alz +2< y) P+

(a) Show that —= 3 d 5 T
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3.3 Chapter Review

Review Exercise 5 Mixed Questions

Problem 3.3.1 By multiplying the standard series for ¢* and cos(3x), find the Maclaurin

expansion of f(x) = " cos(3x) up to and including the term in x*.

Problem 3.3.2

(a) Find the first three terms of the Taylor series for f(x) = /x in ascending powers of
(x—28).

(b) Use your expansion to find an approximation for v/8.1, giving your answer to 5
decimal places.

Problem 3.3.3 The Maclaurin series for the function f(x) = In(1 + ax) — sin(bx) is given

11
by f(x) =2x— 7x2 +.... Find the exact values of the constants a and b.

Problem 3.3.4 A function y = f(x) satisfies the differential equation (1 —x?)——5 —x—— =2,
X

with initial conditions y(0) = 1 and y'(0) = —1. By differentiating the equation repeatedly,

find the Maclaurin series for y up to and including the term in x*.

Review Exercise 6 Challenging Questions

Problem 3.3.5 A function y = f(x) satisfies the differential equation shown below, with the
initial condition y(0) = 1.

d
—y:1+x+y2
dx

2 3

d d
(a) By differentiating the equation, find the values of S and o atx = 0.
dx? dx3

(b) Hence, find the Maclaurin series for y up to and including the term in x°.

Problem 3.3.6

(a) Find the first three non-zero terms of the Maclaurin series for f(x) = slln(x) .
—X
(b) Use your series from part (a) to find an approximation for the value of the integral,
giving your answer to 4 decimal places.

/0-5 sin(x) ;
x
0

1—x
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Problem 3.3.7 It is given that, for small values of x,
e™cos(bx) ~ 1 +2x — 2x*

where a and b are non-zero constants.
(a) By using standard Maclaurin expansions, find the values of a and b.

(b) Hence, find the term in x> for the expansion.

Summary 3 Series

Maclaurin Series A power series expansion of a function about the point a = 0.
It is derived by repeatedly differentiating the function and evaluating at zero.

f10) 2 ["(0) 5 -
2! 3! ;

f(x) =£(0) + ' (0)x +

Taylor Series The generalisation of the Maclaurin series, providing an expansion
of a function f(x) about any point x = a.

1/ oo (n)a
10 = @)+ @)+ 0= T D ap

Standard Expansions

. 1+x—|—xz+XB+ = X"
e = — —
11 20 3! . On'
3 5 o n,2n-+1
x (—1)"x
SINX =X — — + — — =
3! 5! ,;) (2n+1)!
x2 x4 o0 (—1)"}62"
cosx=1—-—+——-..=
2! 4! n;) (2n)!
x2 x3 oo (_1)n+1xn
In(1 =X—-——+—=——---= <1
n(l1+x) =x 713 ng,l Pa— ]

=l+x+2+°+---= Zx", x| <1

Chapter Checklist
O | can find a Maclaurin series for a function by repeated differentiation.
O | can find a Taylor series for a function about a point x = a.

O | can use standard series expansions to find new series by substitution,
addition, and multiplication.

O | can use a series expansion to find an approximate value for a function.

O | can find the first few terms of a series solution to a differential equation.



Infegration is a mathematical technique used to determine the accumulation
of quantities and the area under curves. Essentially, it measures the total value
accumulated by a function over an interval.ln engineering applications, infegra-
fion is used to calculate quantifies such as displacement from velocity, energy
consumption over time, total heat transfer in thermal systems, and the work done
by a variable force. It can also model the flow of fluids over surfaces, predict the
total stress distribution in materials, or determine electrical charge over time in

Function

Integral

Trigonometric Functions

sinx
CcoSx
tanx
secx
cscx
cotx

—cosx+c¢

sinx+c

In|secx|+c¢

In|secx +tanx| +c
—In|cscx+cotx|+c
In|sinx|+c

circuits.
Function Integral
Basic & Exponential
k kx+c
xn+1
X" -1
nrl +c (n#-1)
1
- Injx|+c¢
¥ 1
kx 1k
e X e” +c
Hyperbolic Functions
sinhx coshx+c¢
coshx sinhx+c¢
tanhx In(coshx) + ¢
cothx In|sinhx|+c¢

Inverse Trig
1

x2+a?
1

2 2

as —xX

1
VX2 +a?

1 X
—arctan (—) +c
a a
. (X
arcsin <—> +c
a
ln‘x+\/x2:|:a2‘ +c
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Integration of Standard Functions

Polynomials Functions

Integrating polynomials is the reverse process of differentiation and relies on apply-
ing the power rule to each term. The ability to infegrate term-by-term is due to
two fundamental properties of integrals:

The Constant Multiple Rule: / Kf(x)dx =k / F(x)dx

The Sum/Difference Rule: / [f(x) £ g(x)] dox = / Fo)dx+ / 2(x) dx

These rules allow us to break down a complex polynomial into simpler parts. The
core formula used for each part is the Power Rule for Infegration. The indefinite
integral of x" is given by the formula:

xn—H
/x”dx: p— +C, (forn#-—1)

In simple ferms: you add one to the exponent and then divide by the new ex-
ponent. The constant of integration, C, must always be included because the
derivative of any constant is zero.

Example 4.1 Integration of a Polynomial

Problem: Find the indefinite integral of the function:

/ (3x* —5x° +2x—7) dx

Solution:
anr 1

n+1

Step 1: Recall the power rule for integration: / X'dx = +C.

Step 2: Apply the power rule to each term of the polynomial.
/ (3x4 — 5 +2x— 7) dx

=3 (xj) -5 (24) +2 <x;> ~7(x)+C

Step 3: Simplify the expression.

= %xs - §x4+x2—7x+C

35 5
/(3x4—5x3+2x—7) dx = §x5—1x4+x2—7x+C
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5 -
Q1. Find the indefinite integral of f(x) = 2x. [ans: §x3 +C
x* |

Q2. Find the indefinite integral of f(x) = x> +7. {ans: T +7x+C
. -

Q3. Find the indefinite integral of f(x) = 5x* +2x> +4x+7. [ans: X+ 5x4 +2x* +7x+C

3 7
Q4. Find the indefinite integral of f(x) = — + =— + 18x+27.

2x2 0 3x3
ans > ! +9x? +27x+C
P ————+9%
2x  6x?
Q5. Find the indefinite integral of f(r) = 113. [ans: 1137 +C]
nr
Q6. Find the indefinite integral of f(r) = mr2. [ans: 5 + C]

Trigonometric Functions

The integration of trigonometric functions relies on recognising a set of standard
results. As with polynomials, more complex expressions involving sums and constant
multiples of these functions can be integrated term-by-term.

The following are the standard indefinite integrals for common trigonometric func-
fions. In these formulae, k is @ non-zero constant.

1 1

. /sin(kx) dx = % cos(kx)+C o /cos(kx) dx = % sin(kx) +C

1 1 _
. /tan(kx) dx = %ln\sec(kx)] +C . /cot(kx) dx = %ln|sm(kx)\ +C

1 1
. /sec(kx) dx = %ln |sec(kx) +tan(kx)| +C e /csc(kx) dx= —%ln\csc(kx) + cot(kx)|+C

2 1 2 1

. /tan (kx)dx = %tan(kx) —x+C . /cot (kx)dx = —%cot(kx) —x+C

1 ' 1
. /secz(kx) dx = T tan(kx) +C . / csc? (kx) dx = 3 cot(kx) +C

Example 4.2 Integration of Trigonometric Functions

Problem: Find the indefinite integral of the function:

/(sinx+200sx— 3se02x) dx
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Solution:

Step 1: Recall the standard integrals for basic trigonometric functions.

/sinxdx = —COSX, /cosxdx = sinx, /seczxdx = tanx
Step 2: Apply these rules to integrate the function term-by-term.
/ (sinx +2cosx — 3sec®x) dx

= /sinxdx+2/c0sxdx— 3 /seczxdx
Step 3: Substitute the results of the integrals and add the constant of integration.

= (—cosx) + 2(sinx) — 3(tanx) + C
= —cosx+2sinx —3tanx+C

/ (sinx—l—ZCosx— 3se02x) dx = —cosx+2sinx—3tanx+C

Q1. Carry out the following integrations:

(a) /3sin2xdx {ans: %x— %sin2x+C
(b) / 4cos? xdx [ans: 2x + sin2x+C]
(©) /3sinxcosxdx [ans: —icos2x+C:
(d) /(2— 3sinx)*dx [ans: %x—l— 12cosx — isian—i—C-
(e) /(1 —cos2x)%dx [ans: %x— sin2x 4+ é sin4x+C:

Q2. Find the following integrals:

(a) /2tan2xdx [ans: 2tanx — 2x+C]
(b) / 5cot®xdx [ans: — 5cotx —5x+C]
(c) /(Ztanx—cotx)zdx [ans: 4tanx — cotx —9x+C]
4
(@) / s1r21x [ans: 4secx+ C]
cos
cosx 1
(e) / ans: — —cscx+C
3sin’ x 3
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Q3. Carry out the following integrations:

(a) /(2 +2tan’x) dx

®) / 1 +cosx

sm X

© / (1+ cosx)?

sm X

(d) / 3cot’ xdx

Q4. Solve the following integrals:
cos2x
@ / 1 —cos? 2x
(b) / cot2xdx

(©) / sin2xsecxdx

1
() / —————dx
SINXCOS~ X

1
(e) / dx
secx—1

€3] /(1 — cot®x) dx

QS. Evaluate the following definite integrals:

LI
(a)/ cos“xdx
0
5
(b)/ sin“ xdx
0
(©) /7(2sinx—3cosx)2dx
0
ST”
(d) / (1—2cosx)?dx
3

i 2
(e)/ tan” xdx
0

[ans: 2tanx + C|

[ans: — cotx —cscx +C]

[ans: —2cotx—2cscx —x+C]

[ans: —3cotx —3x+C]

[ans: - ;csc2x+C]
1 .
[ans: §1n|s1n2x] —|—C]
[ans: —2cosx+C]
[ans: secx+In|tan(x/2)| 4 C]
[ans: —x —cotx —cscx+C|

[ans: 2x + cotx +C]

[ans:

il

{ans:

i

=6
ans: 4

[ 137

[ans: 470+ 3/3]

T
11— —]
[ans y
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4.1.3 Exponential Functions

The integration of exponential functions is a straightforward process that directly
reverses their rules of differentiation.

The integral of an exponential function with base e is given by the formula:
/ekxdx = %ekuc, (for k # 0)

This follows from the reverse chain rule: the integral of the exponential part remains
unchanged, and we divide by the derivative of the inner function (kx).

For a general exponential function with a base a, where a > 0 and a # 1, the rule is:

1
kx kx
/a dx_klnaa +C, (fork#0)

Example 4.3 Integration of Exponential Functions

Problem: Find the indefinite integral of the function:

/ (ez" —5¢"+7) dx

Solution:

1
Step 1: Recall the standard integral for exponential functions: / M dx = %ekx +C.

Step 2: Apply this rule to integrate the function term-by-term.
/ (e —5¢"+7) dx = /ezxdx—S/exdx+/7dx
Step 3: Evaluate each integral and add the constant of integration.

1
= <2e2x> —5(e")+7x+C

1
/(ezx—Se"—l—7) dx = iezx—58x+7x+C

1
Q1. Find the indefinite integral of e**!. [ans: Ze‘”‘“ + C]
Ina 48
Q2. Given that a is a positive constant and (" +e ™) dx= = find the exact value of a.
Inl
" [ans: a = 7]

2x

. . _ e 1 2
Q3. Find the indefinite integral of e [ans: 3 In(e™+1) —|—C]

2x

Q4. Find the indefinite integral of ! 5 —|—C]

{ans: A2

(X +1)"
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Inverse Trigonometric Functions

Certain algebraic fractions, particularly those involving square roots of quadratics
or sums of squares, do not integrate to simple polynomials or logarithms. Instead,
their integrals are inverse trigonometric functions. Recognising these standard
forms is the key to solving them. The three primary standard forms are listed below.
In these formulae, the constant a > 0.

1
[ /mdx:arCSin (z) +C (|X| <a)

1 1
o /7dx: — arctan <{) +C
a? + x? a a

1 1
. /mdx: aresec <T> +C (]x| >a)

Example 4.4 Integration involving Inverse Trigonometric Functions

Problem: Find the indefinite integral of the function:

/ 1,2 3 N
X
1+2 ' 2+4 " I-2

Solution:

Step 1: Recall the standard integrals that result in inverse trigonometric functions.
/ ! d 1actan(x> / ! dx = arcsi <x>
———dx=—ar -, ———dx = arcsin | —
a?+ x? a a VaZz =2 a

Step 2: Apply these rules to integrate the function term-by-term.

1 2 3
/(12+x2+22+x2+ 12—x2> @
:/ldx+2/1dx—|—3/ L i

1+x? x2+4 V1—x2

Step 3: Evaluate each integral and add the constant of integration.

1
= (arctanx) 42 (2 arctan ;) + 3 (arcsinx) +C

Step 4: Simplify the expression.

X .
= arctanx 4 arctan E + 3arcsinx+C

/ 1 i 2 L S d arctan x -+ arctan al +3arcsinx+C
X = X — X
1+x2 " 2+4  /1—x2 2
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Q1. Integrate the following expressions:

dx 1 .
(a) /m [ans. 2arcsm(2x)+C]

(b) / Y [ans: arcsin (g) +C]
(© /1i29x2 dx [ans: 4arctan(3x) 4 C]

[ans: arcsin(x+ 1)+ C|

dx
@ /\/1—()6-1—1)2

(e) / L ans: 1arctan )6;3 +C

4+ (x—3)2 2 2
tdt 1

63) /7 [ans: — arcsin(72 —|—C]

V11—t 2 ( )
Q2. Integrate the following expressions:

@) / ar D avetan () 4

a ans: — arctan [ —
t*+25 10 S

[ans: arcsin(Inx) 4 C|

dx
®) /x\/l— (Inx)?

e2x 1 o2 -

(©) /mdx [ans: 7 arctan (2> —i—C_
. -

(d /\/% [ansz arcsin (?) —i—C_
sinx | cosax -

: — —arctan [ — | +C

(¢) / 7 +cos?x [ans 7 arctan < 7 > + |

€3] /\/)% [ans: arcsin(2x — 1) +C]

Q3. Find the following integrals by splitting them into simpler parts:

[ans: 3arccosh(2y+ 1) +C]

3dy
@ / VY(1+)

1 ) 1
(b) / 2+1 [ans: Eln(x +1)—3arctan(x)+C_

x+5 . O r32 (X3 -
(c)/\/T [ans. V99— (x—3) +8arcs1n< 3 )+C_

-2 1 1 1
(d) /(x—:l)z—{-él.dx |:anS: 511’1(()("‘ 1)2 +4) — %arctan <x_|2_> "‘C-
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Integration Techniques

Integration by Parts

Integration by parts is a powerful fechnique used for infegrating the product of
two functions. It is the integral version of the product rule for differentiation. If « and
v are functions of x, the product rule is %(uv) = u% + v%. By integrating both sides
with respect to x and rearranging. we get the formula for integration by parts:

dv du
/uadx—uv—/vadx

This is offen written in the more compact form:

/udv:uv—/vdu

The key to this method is to choose u and dv correctly. The aim is o select a
function for u that becomes simpler when differentiated, and a function for dv that
can be readily integrated. A helpful guideline for choosing the function for u is the
LIATE order, which prioritises functions in the following order:

e Logarithmic functions (e.g., Inx)

Inverse tfrigonometric functions (e.Q., arcsinx)
Algebraic functions (e.g., x?,3x+ 1)
Trigonometric functions (e.g., sinx, cosx)
Exponential functions (e.g., ¢)

Example 4.5 Integration by Parts

Problem: Find the indefinite integral:

/ xe*dx

Solution:

Step 1: Recall the formula for integration by parts: / udv =uv— / vdu.

Step 2: Choose parts for u (the part to differentiate) and dv (the part to integrate).
Letu=x — du=dx
Letdv=¢"dx = v:/exdx:ex

Step 3: Substitute these parts into the formula.

/ e dx = (x)(e) — / (") (dx)

Step 4: Evaluate the remaining integral and simplify.
=xe'—e"+C
=@x—1)e"+C

/xexdx: (x—1)e"+C
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Q1. Find the following integrals using integration by parts:

1 1 1

(a) / xe™ dx ans: —xe>™ — —e*4C
2 4 |

3 . 3 |

(b) / 3xcos(2x)dx ans: Exsm(Zx) + Zcos(Zx) +C
. 1 I . |

(©) /x sindxdx [ans: — Zxcos4x+ 16 sindx+C
: 2 2 . |

(d) /—Zx sinSxdx ans: gxcos S5x — o sin5x+C
(e) /(1 —2x)e “dx [ans: (2x+ 1)e ™ +C]

1 2 2

63) /x2e73x dx [ans: — §x26_3" — §xe_3x — ﬁe_3x +C
(2 / 16x° Inxdx [ans: 4x*Inx —x* +C]
(h) /lnxdx [ans: xInx —x+C]

4.2.2 Integration by Substitution

Integration by substitution, also known as u-substitution, is a fechnique for reversing
the chain rule. The aim is to simplify an integral by changing the variable of
infegration from x to a new variable, u.

The procedure is to choose a substitution for an ‘inner function”, such as u = g(x),
and find its differential, du = g’(x)dx. The integral is then rewritten and solved entirely
in ferms of u. The final step is to back-substitute u = g(x) to express the result in ferms
of the original variable, x. Formally, this is expressed as:

[ #e)g' @ax= [ 1w

Example 4.6 Integration by Substitution

Problem: Find the indefinite integral:

/ 2xcos(x?) dx
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Q1.

Q2.

Q3.

Q4.

Solution:

Step 1: Choose a substitution for the "inner" part of the function.

Let u = x°.

Step 2: Differentiate the substitution to find du in terms of dx.

du
)
dx o

—> du = 2xdx

Step 3: Rewrite the integral entirely in terms of u and du.

The integral / cos(x?) - (2xdx) becomes:
/ cos(u)du

Step 4: Evaluate the new integral and then back-substitute for u.
/cos(u) du =sin(u)+C
= sin(x?) +C

/2xcos(x2)dx =sin(x?) +C

By using a suitable substitution, find an exact simplified value for:

1 10 4
bl dx.
0 2x3+1

[ans: In3]

By using the substitution u = 1 — x2, or otherwise, find:

12
[
(1-x2)3

By using the substitution u?> = 16 — 7x2, or otherwise, show that:

1

1 X
/7dx: .
0 V16 —7x2 7

By using the substitution # = 1 + 2 cosx, evaluate the integral:

g

/2 (1+2cosx)’sinxdx.
0

[ans: 10]
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QS. By using the substitution # = 3x+ 1, or otherwise, find the exact value of:

S5 x
/ dx.
0 v3x+1

[ans: 4]

Q6. By using the substitution u# = secx, or otherwise, find:

/tanxsec4xdx.

1
{ans: 1 sectx+ C]

Integration by Reverse Chain Rule

The reverse chain rule is not a new rule, but rather a quick method for solving
certain integrals by inspection, saving the need to write out a full substitution. It is
most effective when the infegrand is a product of a composite function and the
derivative of its ‘inner’ function (or a constant multiple of it). This technique applies
when you can recognise an infegrand in the following form:

In simple terms, if you spot an inner function g(x) and its exact derivative g'(x) as a
factor, the answer is simply the integral of the outer function f'.

A very common application is when the inner function is linear (of the form ax -+ b).
In this case, its derivative is just the constant a. The rule simplifies to:

/f(ax—i—b)dxz %F(ax—i—b)—i—C

Here, F is the antiderivative of f. The thought process for this shortcut is:
1. Integrate the outer function f, keeping the inner function (ax+ ») unchanged.
2. Divide the result by the derivative of the inner function (which is simply the
constant a).
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Example 4.7 Integration by Reverse Chain Rule

Problem: Find the indefinite integral:

/cos(Sx +2)dx

Solution:

Step 1: Identify the inner and outer functions.

The outer function is cos(«) and the inner function is u = 5x + 2.

Step 2: Integrate the outer function.
The integral of cos(u) is sin(u).
— sin(5x+2)

Step 3: Differentiate the inner function and divide by the result.
The derivative of the inner function, 5x + 2, is 5.

We divide our result from Step 2 by this derivative.

1
s sin(5x+2)+C

1
/cos(5x+ 2)dx = z sin(5x+2)+C

Q1. Find the following integrals using the reverse chain rule (substitution):

(a) /(2x+ 1)sin (x* +x+1) dx [ans: — cos(x* +x+1)+C]
. ]

(b) /(x+ 1)cos (x* +2x+1) dx {ans: Esin(x2 +2x+1)+C
(© / 1 d 1 —i—C-
¢ x(1+1nx)3 * ans 2(1+1nx)>2 |
4 . 1 5 ]

(d) [ (4—cos*xsinx) dx ans: 4x+ 5 cos x+C
cosx 1, 1

(e) / ans: — —csc x+C
sin® x 2 |
V142t 1 3 1

) / + = nxy [ans: S(142tanx)} +C
cos 3 |

coSx y

(2 / [ans: 2+/sinx+C
\/smx ]
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Multiple Integration

Multiple intfegration extends the concept of a standard intfegral to functions of
more than one variable. This allows us to calculate quantities such as areq, volume,
and mass over two or three-dimensional regions.

Double Integrals

A double integral is used to integrate a function of two variables, f(x,y). over a
region R in the xy-plane. If f(x,y) > 0, the double integral geometrically represents
the volume of the solid that lies above the region R and below the surface defined

by = f(xay)
Volume = //Rf(x,y) dA

The term dA represents an infinitesimal area element in the plane, which is typically
written as dxdy or dydx.

Evaluating Double Integrals as lterated Integrals

We evaluate double integrals using a method called iterated integration, which
means performing single-variable integrations one after the other. When integrat-
ing with respect to one variable, all other variables are tfreated as constants. For
a rectangular region R defined by a < x < b and ¢ <y < d, the double integral is
calculated as:

Jfropaa= [ [ s ax

For rectangular regions, the order of infegration (dxdy or dydx) can be swapped
without changing the final result.

Triple Integrals

The same principle extends to three dimensions. A friple infegral evaluates a
function f(x,y,z) over a 3D region V. While a double integral can represent volume,
a triple integral can be used to find quantities such as the mass of an object with
a variable density function p(x,y,z):

Mass = ///Vp(x,y,z)dV

These are also calculated as three successive iterated integrals.
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Example 4.8 Evaluating a Double Integral over a Rectangle

Problem: Evaluate the double integral:

1 r2
/ / (x+2y)dydx
0 JO

Solution:

Step 1: Recall the process for evaluating an iterated integral.

We evaluate the integral from the inside out, starting with dy.

/ab [/Cdf(x,y)dy] dx

Step 2: Evaluate the inner integral with respect to y, treating x as a constant.

2
_ 21y=2
/0 (x+2y)dy = [xy+y ]y:O

= (x(2) +(2)*) = (x(0) +(0)°)
=2x+4

Step 3: Substitute this result into the outer integral and evaluate with respect to x.
L x=1
/0 (2x+4) dx = [x* +4x] N
= ((1)*+4(1)) — ((0)*+4(0))
5

1 2
/ / (x+2y)dydx =15
0 Jo

Q1. Find the following indefinite iterated integrals:

(a) //xy\/mdxdy

[ans: %(1 +x2 4+ 3232+ g(x) + h()’)]

(b) // M dxdy

[ans. 2(x+1y+ 0 +g(x) —i—h(y)]
(©) //xsin(xy) dydx
[ans - smixy) +g(x) +h(y)]
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(d) / / (2x —3y?)dxdy

[ans: x?y —xy® + g(x) + h(y)]
(e) //xcos()c2 +y)dxdy
ans: — % cos(x* +y) +g(x) +h(y)

Q2. Evaluate the following definite integrals:
@) // (42)% — 12x) dA where D = {(x,y) | 0 < x < 4, (x—2)2 < y < 6}.
D

[ans: 11136]

(b) / /D (2yx* +9y*) dA where D is the region bounded by y = % xand y = 2/x.

[ 24057 ]
ans: —

(c) / / (10x?y* — 6) dA where D is the region bounded by x = —2)? and x = y°.
D

ans: 8296
) 13

(d) // x(y — 1) dA where D is the region bounded by y = 1 —x? and y = x> — 3.
D

[ans: O]

() / / 5x% cos(y*) dA where D is the region bounded by y =2, y = %xz, and the y-axis.
D

[ans: ? sin(S)]
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4.4 Chapter Review

Review Exercise 7 Mixed Questions

Problem 4.4.1 Evaluate the definite integral by using a suitable substitution:

/2 .
/ ") cos (x) dx
0

Problem 4.4.2 Find the indefinite integral by applying integration by parts twice:

/ x? sin(x) dx

Problem 4.4.3 Find the indefinite integral by first splitting the fraction into simpler parts:

/2x+3dx
X249

Problem 4.4.4 Evaluate the double integral / / (x+y)dA, where D is the triangular region
D
in the xy-plane bounded by the lines y =0,x =1, and y = x.

Problem 4.4.5 Find the indefinite integral by first using a trigonometric identity:

/ sin® (x) dx

Problem 4.4.6 Find the exact value of the definite integral using integration by parts:

/jxln(x) dx

Problem 4.4.7 Evaluate the integral by making a suitable trigonometric substitution.

3
/ V9 —x2dx
0

Problem 4.4.8 Evaluate the double integral by first reversing the order of integration:
1o,
/ / e dxdy
0 Jy

Problem 4.4.9 Find the indefinite integral using partial fraction decomposition:

x+1
/x(x— 1)2 dx
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Summary 4 Integration

Basic Rules:

o Constant of Integration: Indefinite integrals must include a constant, +-C.

xn+l
o Power Rule: [x"dx = Pl +C (forn# —1)

e Sum/Difference: [[f(x)+g(x)]dx= [ f(x)dx+ [g(x)dx
o Constant Multiple: [kf(x)dx =k [ f(x)dx

Key Integration Techniques:

o By Substitution (Reverse Chain Rule): Used to simplify integrals by changing
the variable. [ f(g(x))g' (x)dx = [ f(u)du.

o By Parits (Reverse Product Rule): Used to integrate products of functions.
Judv=uv— [vdu.

Integrals of Standard Functions:

. 1
o Exponential: [ dx = %e’“ +C

. 1
e Reciprocal: [—dx=1Inx|+C
X

o Trigonometric: [cos(x)dx =sin(x)+C, [sin(x)dx = —cos(x)+C
1
V=7

Chapter Checklist
O | can find indefinite integrals using the power rule and linearity.

e Inverse Trig: | dx = arcsin (f) +C
a

O | can infegrate standard exponential, logarithmic, and trigonometric
functions.

| can use integration by substitution to solve integrals.
| can use integration by parts to solve integrals.

0
0
O | can recognise infegrals that lead to inverse trigonometric forms.
O | can evaluate definite integrals.

]

| can set up and evaluate a double integral over a given region.
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